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We define for every so-called admissible relation r in the Steenrod algebra .rZ and for every 
oriented spherical fibration 5 over a CW-space an exotic characteristic class (mod 2) ~(r)(t), 
which is primitive and vanishes for sphere bundles. The set of exotic classes associated with the 
universal spherical fibration and the admissible Adem relations are compared with the algebra 
generators of H*(BSG; Z,) due to Milgram. Moreover, their behaviour under the action of d is 
computed. Finally, we give a secondary Wu formula for exotic classes of special Poincare duality 
spaces. 
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0. Introduction 
The theory of characteristic classes is one of the most useful tools in handling 
vector bundles and manifolds. Since the days of its foundation by Eduard Stiefel 
and Hassler Whitney, a lot of papers and excellent books have been written on this 
topic. But in the same measure as topology (or better homotopy theory) developed, 
the interest turned upon a new object, the spherical fibration. Not least, this 
development was influenced by Spivak’s discovery of the normal fibration for 
generalized manifolds, the so-called PoincarC duality spaces. 
Thorn’s method to compute Stiefel-Whitney classes of sphere bundles by Steenrod 
squares indicates that there are the same ones for spherical fibrations. But while for 
sphere bundles, at least if you restrict to Z,-coefficients, the Stiefel-Whitney classes 
are the ‘only’ characteristic classes, the same is far from being true for spherical 
fibrations. Indeed, there are many classes beyond describing the exotic world of a 
spherical fibration. The basic property of these so-called exotic classes is their 
obstruction character: they vanish for all sphere bundles. This suggests that it cannot 
be easy to define them nor to understand them from the geometric viewpoint. 
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The ‘first’ exotic class was constructed by Gitler and Stasheff [6]. Later Peterson 
[ 151 and Ravenel [ 171 succeeded in defining more classes of the exotic type. Their 
constructions all have in common that they generalize Thorn’s approach by using 
(twisted) secondary cohomology operations acting on the Thorn class of a spherical 
fibration. But this method always gives rise to an undesirable indeterminancy of the 
resulting exotic classes. 
In this paper we construct a lot of exotic classes denoted by ~(r)(t), where 5 is 
a spherical fibration and r an admissible relation (see Definition 1.3) in the Steenrod 
algebra d. This is done in two steps. At first (see Section l), we define them for 
spherical fibrations with vanishing total Stiefel-Whitney class. For this we use 
secondary cohomology operations based upon admissible relations (see Proposition 
1.4 and Definition 1.5). In a second step (Section 2) we extend to all (orientable) 
spherical fibrations by considering the universal case: the well-known method of 
killing the Stiefel-Whitney classes in H*(BSG) yields a fibration p: BWG+ BSG, 
originally due to Ravenel [(17], see also [7]). Now the above-defined classes all 
live in H*(BWG), and it is shown in Theorem 2.2 that they have unique liftings 
E(r) E H*( BSG) with regard to p*. Moreover, each of them is primitive within the 
Hopf algebra structure resulting from Whitney join operation. 
In a third section we compare the special exotic classes E(U, b), based upon the 
Adem relations r(a, b) (see (l.l)), with the algebra generators of H*(BSG), originally 
given by Milgram [ 111. This yields the duality statement in Theorem 3.3. Thereafter 
(Section 4) we give an explicit formula (see Proposition 4.3) for the action of the 
Steenrod squares on the classes ~(a, b), and we indicate how to compute it in an 
elementary manner. Moreover we show (see Proposition 4.4) that the Peterson- 
Ravenel classes are the only ‘d-indecomposable’ classes in respect of the ~(a, b)‘s. 
In the final section we give a secondary Wu formula (Theorem 5.4) for exotic 
classes of special Poincare duality spaces. An impliciit consequence of this formula 
is that all of these exotic classes are purely computable from the topology of the 
PoincarC complex by evaluating certain secondary cohomology operations on its 
cohomology. 
1. Exotic characteristic classes for special spherical fibrations 
The exotic classes, which will be introduced in this section, are defined by 
secondary cohomology operations (SCO). We recall some details for the further 
understanding. 
Let p be the multiplication in the mod 2 Steenrod algebra &. A relation in d is 
a homogeneous element r E dC3 d satisfying p(r) = 0. First of all we think of the 
Adem relations 
r(u, b):=Sq”OSqb+ 2 1: (b;--;I) sq”+b-“@sq” (1.1) 
A. Heil/ Exotic characteristic classes 271 
for integers lsa<2b with (“,‘)=O(mod2). Now let cz=(czr,..,c+) and p= 
(PI,. . . , Pk) be k-tuples of homogeneous elements (Y~, /?; E 3 such that ]ai]+lpil= 
q + 1 for some integer q (I . ( always means degree). We assume that 
ffp:= ; (riopi 
i=l 
is a relation in &. 
Then the method of universal models guarantees the existence of (stable) SCO’s 
associated with the pair (q p) (see [l]; a slightly different model is given in [S]). 
These operations are homomorphisms 
@(a, p) : D”(& X) + H”+~(X)/I”+q(a, X) 
for each topological space X, where we define 
D”(p, X):= {u E H”(X)jp,u =0 for all i) 
to be the domain of @(a, p) and 
I” (a, X) := ; a,EI”-‘“~‘(x) 
i=l 
to be the indeterminancy of @(cy, p). 
The cohomology groups are always understood with Z,-coefficients. There are 
various SCO’s for one pair (q /3), but two of them differ only by a stable primary 
cohomology operation (PCO), that is, a homogeneous element in &. Each SC0 is 
natural for maps of spaces. 
If r is a relation in ti such that 
r=ffP= i ai@P,, 
i=l 
then the pair ((Y, /3) is called a representation for r. 
Proposition 1.2. Let (a, p) and (a’, p’) be two representations for the same relation 
r in ~4. Then there exists a PC0 S such that 
@(a, P)(u) = @(a’, P’)(u)+ 6(u) 
for all u E D” (/3, X) n D” (/3’, X), where the above equation is valid mod I”+¶( a, X) + 
P+q(a’, X). 
The proof is an easy exercise in handling the universal models for SCO’s (see 
e.g. [8]). The proposition implies that each SC0 relative to the pair (q p) becomes 
a PC0 (modulo the indeterminancy), if (q p) represents the trivial relation in L$ 
of degree q + 1. 
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Now we describe the method to define exotic classes for spherical fibrations. In 
a first step we do so for spherical fibrations with the Property ( W), that are those 
fibrations, whose total Stiefel-Whitney class vanishes. Recall from [21] the definition 
of the subspace B(k) (k> 1) of SB: It is spanned by all elements in d having the 
form m,Sq’m,, where m, and m2 are monomials built up by Steenrod squares and 
j 2 ]m2] + k. So defined, B(k) is a left ideal in Op with d 1 B( 1) 2 B(2) 3. . * . It 
annihilates all cohomology classes of degree less than k. 
Definition 1.3. Let r be a relation in d with representation ((Y, p), where (Y = 
(a,, . . ., Q) and P = (Pi,. . . , Pk). The representation is called admissible, if (Y~ E
B(Ipi]) for all i = 1,. . . , k. The relation r is admissible, if it possesses an admissible 
representation. 
The main example is: Each Adem relation r(a, b) is admissible, iff we have 
0 < b s a < 26, because in this case the representation (1.1) is admissible. 
The purpose of the above definition consists in the following: 
Proposition 1.4. Let 5 be an n-sphericaljibration over X with Thorn class U E H”( Tt). 
Assume that .$ possesses the Property ( W). Let r be an admissible relation in d of 
degree q + 1 and choose an admissible representation (a, p) for r. Then: 
(i) U E o”(P, T5), 
(ii) Zn+¶(a, T,$) = 0, 
(iii) either two SCO’s agree when applied to the Thorn class ((ii) and (iii) at the 
same time mean what often is called total zero-indeterminancy), 
(iv) The value @(a, p)(U) E Hn+q( Tt) is independent ofthe admissible representa- 
tion for r, which was chosen. 
Proof. (i), (ii) and (iv) are valid, since the Property (W) implies that ti acts trivially 
on U (for (iv) use also Proposition 1.2). 
(ii) We have 
Z”+¶(a, Tt) = ; ayiHn+‘e~‘-‘( T&). 
i=l 
Take some z E H”+‘e,‘-’ T ( 5). By the Thorn isomorphism there exists x E H’P~‘-‘(X) 
with z=xu U. Now 
ai(Z)=ai(XU U) 
=ai(X)U U+XUai(U)+ C al(x) u a!(U) 
O<‘ol” ‘DIV ’ II I 
(Cartan formula) 
= ai(X) U U (Property (W)) 
= 0, 
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since 1X1= Ipi1 - 1 < lpi], and (q p) was assumed to be admissible. 0 
Thus we can define: 
Definition 1.5. Let 5 be a n-spherical fibration over X with the Property (W), and 
let r be an admissible relation in _QZ of degree q + 1. Choose any admissible representa- 
tion ((Y, p) for r. Then the class e(r)([) E H4(X), defined by 
e(r)(5) u u = @(a, P)(u), 
is called the exotic characteristic class of 5 relative to r. 
The exotic class e( r)( 5) possesses the following properties: 
Proposition 1.6. (i) Given a map f: Y + X, the induced jibration f”(t) fulfills the 
Property ( W), and we have 
Fe(r)(t) = e(r)(f*(O). 
(ii) If .$ is stablely homotopy equivalent to a spherical jibration 77 over X, then 77 
also has the Property ( W) and 
e(r)(&) = e(r)(7). 
(iii) If either 5 or r are trivial, we have e( r)( 5) = 0. 
(iv) If r’ is a further admissible relation in ~4 of the same degree as r, then r + r’ is 
also admissible and 
e(r+ F)(5) = e(r)(k)+ e(3(5). 
(v) The exotic class for the Whitney sum of two spherical jibrations 5 and 77 over 
X is given by 
e(r)(@ 17) = e(r)(5)+ e(r)(q). 
Proof. (i)-(iv) are just reformulations of elementary properties of the relevant SCO’s 
used to define the exotic classes. The proof of (v) is more complicated, since you 
have to show the corresponding Cartan formula for the SC0 @(a, p) when applied 
to the product of the Thorn classes for ,$ and 7. An elementary proof can be done 
with the methods of Thomas from [24]. For details see [8]. 0 
2. Exotic classes. The general case 
Now we turn to the problem how to define exotic classes for all spherical fibrations. 
This is already done in [7]. We shortly sketch the method in a somewhat elementary 
manner. Firstly, we restrict without loss of generality the class of spherical fibrations 
to orientable ones. Starting from the classifying space BSG(n) for n-spherical 
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fibrations, we construct the space BWG(n) (in [7] denoted by (I%$))) from 
the following pull-back diagram: 
nz = nz 
J. n 
BWG(n) PZ (2.1) 
BSG( n) : z:= n K(Z,, i) 
i>, 
Here PZ stands for the space of all paths in Z starting in a fixed base point and rr 
for the path fibration with fibre the loop space of Z. Finally, w classifies the product 
of all Stiefel-Whitney classes in H*(BSG(n)). 
If y,, denotes the universal orientable n-spherical fibration over BSG( n), then q” 
is defined to be the induced fibration pz( m). Clearly, f,, possesses the Property 
(W). Furthermore each orientable n-spherical fibration over X with Property (W) 
has a ‘classifying’ map X + BWG( n), which lifts the proper classification map 
X + BSG(n) with regard to pn. Following Definition 1.5, we have exotic classes 
e( r)( T,,) in H*(BWG(n)) for each admissible relation r in &. Stabilization gives 
rise to classes 
e(r) E H*(BWG), 
where BWG denotes the limit space lim,,, BWG( n) (obviously, the inclusions 
BSG( n) = BSG( n + 1) lift to structure maps BWG( n) + BWG( n + 1)). 
Now BSG is a H-space resulting from the Whitney join operation and it is easy 
to see how to impose a H-structure on BWG such that p: BWG+ BSG becomes a 
H-map. Therefore the corresponding cohomology rings are Hopf algebras over Z, 
(indeed commutative and co-commutative ones). Note that the Whitney formula in 
Proposition 1.6 (v) shows, that the class e(r) is primitive within the given Hopf 
algebra structure of H*(BWG). 
The key result is: 
Theorem 2.2. For each admissible relation r in ti of degree q + 1 there is one and only 
one primitive class c(r)EH’(BSG) satisfying p*e(r)=e(r) and j*e(r)=O, where 
j: BSO+ BSG is the canonical map. 
Before proving Theorem 2.2, let us recall how Peterson [15] and Ravenel [ 171 
introduced their exotic classes. They used twisted secondary cohomology operations 
(TSCO), which are based on homogeneous relations in the Massey-Peterson algebra 
d(X) := H*(X) 0 &, and which act on the cohomology algebra of a space X 
(see [23] or [lo]). To find such relations, one uses the algebra homomorphism 
05: L&‘+ d(X), which is defined for an orientable spherical fibration 5 over X by 
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O*(Sqn)=C~=o WiOSq”-’ (see [15], in his notation 0, = O,*). Now, if r is a relation 
in ti together with a fixed representation (cu, /3), you get a relation R in d(X) (in 
the sense of Peterson in [15]) by setting R := O,(r) = CF=, ODOR. Then YOU 
can prove the following: 
Proposition 2.3. Let T(R) be some TSCO associated with the relation R = O*(r), 
where r is an admissible relation in & of degree q + 1. Then T(R) is defined on the 
Thorn class U of 5 with zero-indeterminancy. 
The proof resembles that of Proposition 1.4 (compare also 115, Theorem 4.1 and 
Proposition 4.21. Thus you can define exotic classes E(R)(~) E H4(X). By naturality 
of the TSCO T(R) you have E(R) (5) = e(r)(t) w enever 5 possesses the Property h 
(W). Therefore we can derive in the universal case: 
Corollary 2.4. For each admissible relation r in ~4 we have e(r) E 
im(p* : H*(BSG) + H*(BWG)). 
The critical point in the definition of the classes E(R) is their dependance on the 
choice of the TSCO T(R). Therefore the classes E(R) are not unambiguously defined 
and it is hard to compute the resulting indeterminancy (see [17]). But for our 
purpose it suffices to know that p*&(R) = e(r), whichever choice you have made 
on the TSCO T(R) respectively on the class s(R). 
Now we go on with the proof of Theorem 2.2. 
Proof of Theorem 2.2. Following [3], there is a Hopf algebra homomorphism 
f: H*(BSO) -+ H*(BSG) satisfying j*f= id. Thus you may regard H*(BSO) as being 
a sub-Hopf algebra of H*(BSG). Then define 
D:= H*(BSG)//H*(BSO) = H*(BSG)/fi*(BSO) . H*(BSG). 
This is again a Hopf algebra with induced multiplication resp. co-multiplication. 
Let pr : H*(BSG) + D denote the projection. From [ 12, Theorem 4.41 we know that 
the composition h, given by 
H*( BSG)- H*(BSG)OH*(BSG) = H*(BSO)OD, 
is an isomorphism of left modules over H*(BSO) and right comodules over D. 
Moreover, h is an isomorphism of Hopf-algebras. 
Now look at the defining diagram (2.1) for BWG. Define W to be the left ideal 
in H*(BSG) generated by w*(ker rr*). It is not difficult to see that ker T* and W 
are Bore1 ideals so that you may apply [18, Corollary 3.51. Therefore you have 
W = ker p*. On the other hand, W equals H*(BSO) . H*(BSG), so that D is the 
same as H*(BSG)/ker p*. 
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Now I := im p* is a sub-Hopf algebra in H*(BWG) and the canonical vector 
space isomorphism 
respects the Hopf algebra structures. 
From Corollary 2.4 we have e(r) E I for each admissible relation r in ti. Then 
define E(I) E H*(BSG) as the image of e(r) under the composition 
I= D-, H*(BSO)O D 2 H*(BSG). 
So defined, the class s(r) fulfills the required properties. For the uniqueness of the 
class E(I) remember that ker p* = fi*(BSO) . H*(BSG), thus ker p* n PH*(BSG) = 
Pn*(BSO). 0 
Theorem 2.2 allows us to define exotic characteristic classes E( I)( 5) E H4(X) for 
each orientable spherical fibration .$ over X and each admissible relation r in d. 
Furthermore, these classes have all the properties stated in Proposition 1.6 and 
coincide with e(r)(t), if 5 has Property (W). They vanish for orientable sphere 
bundles. 
3. The dual exotic classes 
In this section we want to identify same of the universal exotic classes e(r) with 
algebra generators of H*(BSG), which arise from Milgram’s computation of 
H*(BSG) [ll]. 
Note again that the Adem relations r( a, 6) from (1.1) are admissible iff 0 < b G a < 
2b. Then define 
~(a, b):= E(r(a, b))EH”+b-l(BSG) 
and especially 
ei := ~(2~, 2’) for i 2 0. 
The latter ones agree with the classes defined by Peterson [15] and Ravenel [17] 
(at least up to their indeterminancy). The class e, is the Gitler-Stasheff element [6]. 
Observe that Ed = 0, for the relation r( 1, 1) is ‘trivial mod Z’. 
Now the Dyer-Lashof algebra 3 (mod 2) acts on H,(SG), when we identify SG 
up to homotopy with the degree one component (n”S”), of the infinite loop space 
flooS” = lim,,, n”S” [9]. Let Qi: H,,,((R”S”),)+ Hi+2m(0mSoo)2k) be the ith lower 
Dyer-Lashof operation [ 51. For k E H the symbol [k] will stand for the non-trivial 
element in Ho((flmS”D)k). The Pontrjagin product in H,(O”S”) induced from the 
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loop sum is denoted by ‘*‘. With regard to the composition product (resulting from 
composing maps S” + Sn), the structure of H,(SG) is as follows (see [9]): 
H*(SG)gA[[Oi[l] * [-111 ill] 
@z2[QOOi[11 * L-311 is 11 
0z2[Oi, ’ ’ .QJl]*[l-2”]]0<i,~i,< ***~i,,rn~2]. 
Here A [ . ] stands for an exterior algebra over Zz and I!,[. ] for a polynomial algebra 
over Z2. By means of the Eilenberg-Moore spectral sequence one can deduce the 
structure of H*( BSG): 
H,(BSG)=~.+(BSO)OA[u(i,j)]O<i~jorO=i<j] 
OZz[u(il,. . _, i,)lO< i,s. * *G i,, ma2], 
where we use the abbreviation 
(3.1) 
u( i,, . . . , i,):= (r*(Q. * * ‘1 ’ Oi,,[ll* [1-2m1) 
for all ITI 2 2 (o*: I?,(SG) + H,+,(BSG) is the homology suspension). Note that 
lu(i,, . . . , &)I= l+i,+2i,+. . .+2mp1i,. 
Now fix as basis for the vector space H,(BSG) the monomial basis according to 
(3.1). The elements of the dual basis for H*(BSG) are specified by a tilde. The 
algebra structure of H*(BSG) is then given by 
H*(BSG)=HH*(BSO)OA[(xj))lj~l] 
- 
OA[(u’*(i,j))lO<i~j, kzO] 
OA[(u*‘(i,,...,i,))lO<i,~...~i,,m>2,k~O] (3.2) 
Now we have the following result: 
Theorem3.3. ~(a,b)=(u~l))for l<b<a<2b. 
Before giving the proof of Theorem 3.3, let us draw some consequences. Denote 
by S,, S, and S the following sub-Hopf algebras of H*(BSG): 
S,:= A[(xj))lj> 11, 
- 
S,:=A[(u’“(i,j))IO<i~j,k~O], 
s:= s,os,. 
Then the set of all exotic classes &(a, b) with 1 < b c a < 2b forms a basis for the 
primitive elements in S. For the indecomposables of S in odd degrees we have as basis 
{&(a, b)lltbsa<2b; a, b even or a, b odd}, 
since the canonical map (PS)” + (OS)” is an isomorphism for n odd [12,8.8]. 
Finally, S, equals A[ e( b, 6) I b > 11. We see that our exotic classes are far from 
explaining the whole Hopf algebra H*(BSG); not even the part S is completely 
determined by them. But our philosophy is that perhaps higher-order exotic classes 
(defined by higher-order SCO’s) can do a little bit more. 
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Proof of Theorem 3.3. Let r be an admissible, non-trivial relation in d of degree 
q + 1 (q 2 2) with an admissible representation ( LY, j3) of the form (Y = (Sq’l, . . . , Sq’b) 
and p = (Sqkl, . . . , Sqks). In this case admissibility means Zi 2 ki for all i. Now copy 
the proof of [7, Theorem 4.1’1 to show that 
and 
(a*&(r), &,@+[l] * [-3])= 1 for all i=l,. . . , s (3.4) 
(a*&(r), Qi, . . . QJ[l] * [l-2”])=0 for all 4,. .., i,, ma3. 
Here U* : fi¶(BSG) + fiq-‘(SG) is the cohomology suspension. The proof in [7] is 
done for the classes .si, but the general case does not require further techniques (for 
details, see [8, Section 51). To prove Theorem 3.3, we have to show, for 1 < b s a < 2b, 
and 
(~(a, b),u(a-b, b-l))=1 
(~(a, b), x) = 0 for all basis elements x # u(a - b, b - 1) in H,(BSG). 
(1) Let x, y E I?,(BSG). Then (~(a, b), xy) = 0, for E(U, b) is primitive (Theorem 
2.2). Thus we can restrict to indecomposables. 
(2) (~(a, b), x) = 0 for all x E H,(BSO) (Theorem 2.2). 
(3) (&(a, b), u(a -b, b - 1)) = (&(a, b), ~*(~a-&-dll * [-31)) 
= (~*&(a, b), CLd?b-dll * L-31) 
= 1 (by (3.4)). 
(4) Let s, t be integers such that l+s+2t=u+b-2 and tfb-1. 
Assume further that 0 < s s t or O< s < t. Define the relation r’ in Oe by r’:= 
r(u,b)+r(s+t+l, t+l). Then we have l<t+l~s+t+1<2(t+l) and ? is an 
admissible, non-trivial relation having an admissible representation as required in 
(3.4). Note that the term SqS+‘+l@Sq’fl appears in ? That gives us: 
1= (c*&(j), QsQt[ll * I-31) (by (3.4)) 
=(~*&(a, b)+a*E(S+f+l, t+l), Q.Q,[l]*[-31) (Proposition 1.6 (iv)) 
= (~*&(a, b), QsQ,[11* L-31)+ 1 (by (3.4)). 
Hence, (~(a, b), U(S, t))=O. 
(5) Finally,foranysequence(i,,...,i,)withO~i,~...~i,(m~3)weget 
(~(a, b), u(&, . . . , i,)> = (=*&(a, b), C?i, . . . Qi,[ll * [1_2”‘I) 
= 0 (by (3.4)). 
This completes the proof. 0 
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4. The action of d on exotic classes 
In this section we will describe how to compute the action of Steenrod squares 
on the universal exotic classes and especially on the classes &(a, b). There are at 
least two possible methods. The first one consists in ‘manipulating’ the underlying 
relations, whereas the second one uses the duality statement in Theorem 3.3 and 
the Nishida relations for Dyer-Lashof operations [14]. To describe the first method, 
look at d@d as a left &module by multiplication in the first component. 
Proposition 4.1. Let r be an admissible relation in SB of degree q + 1 and y a PC0 of 
degree t > 0, i.e. y E d’. Then yr is an admissible relation in d of degree q + t + 1 and 
ye(r) = e(yr). 
Proof. First notice that it is enough to show the above equation for the classes e(r). 
For this, choose an admissible representation for r. Then ( ycu, p) is admissible for 
yr. If U is the Thorn class of the ‘universal’ fibration qn over BWG(n), then 
mod Infq+’ (y(~, T$,) for a suitable 6 E d. This equation is easily shown by looking 
at the universal models. But 6(U) as well as the indeterminancy are trivial (see 
Proposition 1.4). Hence, @( ycu, p)(U) = ~@(a, p)(U) and 
ye(r)u U= y(e(r)u U)=y~(cu,p)(u)=~(ya,P)(U)=e(yr)u U. 0 
For further applications we still need: 
Lemma 4.2. Let r be a relation in d of degree q + 1 with representation (a, p). Assume 
there is an index j with a, = ajay, where al, a: E d Then define a’= 
(a,, . . .) Lyj_,, a;, . . .) ak) and p’= (p,, . . , pj-,, aj’pj,. . , Pk). Let r’ be the relation 
according to (cy’, p’). Then for each u E D”(& X) there is a PC0 6 such that 
@(a, p)(u) = @(a’, p’)(u)+ 6(u) mod In+q(a’, X). 
Now call two admissible relations r and r’ to be equivalent mod ti (I= r’), if 
they have admissible representations ((u, p) resp. ((Y’, p’) such that they result from 
one another as in the previous lemma. Especially, if r = r’, then e(r) = e(r)). 
Now some examples: 
(1) Sq3E(3, 3) = 0, since 
Sq3r(3, 3) = Sq3Sq30Sq3+Sq3Sq50Sq’ 
= sqSsq’osq3+ sq7sq’osq’ 
-sq50sq’sq3+sq70sq’sq’=o. 
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(2) Sq4c(5, 3) = &(7,5), since 
Sq4r( 5,3) = Sq4Sq50 Sq3 = ( Sq9 + Sq’Sq’ + Sq’Sq*) 0 Sq3 
-sq90sq3+sq~osq1sq3+sq70sq2sq3 
=sq90sq3+sq70(sq5+sq4sq’) 
= sqVMq3-t sq’osq5+ sq7sq40sq’ 
= r(7,5). 
In general, we have the following result: 
Proposition 4.3. If 1 < b s a < 2 b and k 3 1, then 
Sqka( a, b) = 3A,~2h+k(a[~~1)(b~1)e(a+k-&b+~). 
It is possible to give an elementary proof for this formula using Proposition 4.1 
and Lemma 4.2. But this requires long computations with the underlying relation 
(a sketch proof can be found in [8], Section 71). An alternative proof uses the result 
of Theorem 3.3 and the Nishida relations for the Dyer-Lashof operations [ 141. This 
is also done in [8, see also Section 71. 
The last proposition admits an interesting conclusion, which shows the meaning 
of the Peterson-Ravenel classes Ei = ~(2~, 2’). 
Proposition 4.4. There are integers i, > . . . > i, 2 1 and PCO’s y,, . . . , y, E 4 such that 
&(a, b)=ylEi,+. * *+y,.q 
for each pair (a, b) with 1 < b s a < 2b. The classes ei themselves are ‘&-indecompos- 
able’, that means, if &i = a,&,, +. . . + &Ejk for integers j, > * . . > jk and PCO’s 
s,, . . . , Sk E d, then a1 = 1, j, = i and s2 = . . . = 8k = 0. 
The proof of the first assertion is an induction on ‘a’ using Proposition 4.3. This 
is very hard to do, for you have to evaluate a lot of binomial coefficients, even 
though they are reduced mod 2 (see [8,7.4]). The second part of Proposition 4.4 is 
much easier to prove; you have to use Theorem 3.3 and again the Nishida relations 
(see [8,7.4.1]. 
5. Exotic classes and Poincark complexes 
In this section we are going to prove a secondary Wu formula for a suitable class 
of Poincare duality spaces, which generalizes the classical Wu formula for Stiefel- 
Whitney classes and differentiable manifolds (see [13]). This formula in question 
is closely related to Peterson’s conjecture in [15] (see [15, 5.21). 
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In the whole section X stands for an orientable Poincare complex (finite and 
connected) of formal dimension n. We choose a fixed m-spherical normal fibration 
v for X having Thorn class UE H”(Tv) (see [20] or [2] for the definitions). 
Let r denote a stable inverse of V. Define as usual the ith Stiefel-Whitney class 
of X by w,(X):= wi(r) and its dual by Wi(X):= We. For X a differentiable 
manifold, T corresponds with the tangential bundle of X. Let u,(X) E H’(X) be the 
ith (primary) Wu class of X resulting from Poincare duality. Its defining property 
is ui( X) u z = Sq’( z) for all z E H”-‘(X). Then the classical Wu formula is known as 
w,(X) = ; Sqkt&(X), 
k=O 
where its proof is the same as in case of differentiable manifolds. 
In the following we want to establish a similar formula for exotic classes of X. 
For that purpose we define the exotic class of X relative to r as 
e(r)(X):= e(r)(T)E H’(X) 
for any admissible relation r in ~2 of degree q+ 1. Notice that e(r)(X) equals 
e(r)(v) because of their primitivity. Moreover, we say that X possesses the Property 
( W), if wi(X) = 0 for all i > 0. This class of Poincare complexes is presumably large: 
For any k linearly independent classes d,, . . . , dk E D-, H*(BSG), there is a Poin- 
care complex X having the property (W) such that fx(d,), . . . ,f*( dk) are linearly 
independent in H*(X), where f: X + BSG is to classify v (see [22]). 
The cohomological consequences for those Poincare complexes are shown in the 
following: 
Lemma 5.1. Let X be a Poincare’ complex having the Property ( W). 
(i) If x:d-+d denotes the canonical antiautomorphism of d (see [21]), then 
x6(x) u y = x u 6(y) for every x E H’(X), y E H’(X) and 6 E d” satisfying i+j+ q = 
n. 
(ii) 6 = 0: Hneq(X) -+ H”(X) for every 6 E 3. 
(iii) vi(X) = 0 for i > 0. 
Proof. (i) follows from [4, Corollary 6.31. 
(ii) 6(z)= luS(z)=x(S)luz=O (by (i)). 
(iii) Take S = Sq’ in (ii). 0 
Now let r be an admissible relation in ti of degree q + 1 with admissible representa- 
tion (a, p). The antiautomorphism x takes (Y into xa := (x’Y,, . . . , xak) and /3 into 
XP := (x/3*, . . ’ 7 X&). This gives rise to a relation xr = (,#)(~a) in ti of the same 
degree. 
Lemma 5.2. Let X be a Poincare’ complex having the property ( W). Then: 
(i) Dpq(x~, X) = H”-¶(X). 
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(ii) @(,I$, X(Y) : Hnpq(X) + H”(X) has total zero-indeterminancy and does not 
depend on the choice of the admissible representation (CY, p) for r. 
Proof. (i) Fix z E H”-‘(X) and take any y E Hqp’al’(X). Then xq(z) u y = zu a,(y) 
because of Lemma 5.1(i). But q(y) =O, since ai E B(Ipil) ((a, /3) admissible) and 
lyl< Ipil. Thus xcq(z) u y = 0, that means x(Y~(z) = 0 by PoincarC duality. 0 
Now choose any admissible representation for r. Then we can define: 
Definition 5.3. The class $(r)(X) E Hq(X), given by 
+(r)(X) u z = @(xP, XQ)(Z) 
for all ZE Hnmq(X), is called the secondary (or exotic) Wu class ofX relative to r. 
The desired formula is: 
Theorem 5.4. (Wu formula). Let X possess the Property ( W). Then $(r)(X) = 
e(r)(X) for any admissible relation r in &. 
Proof. The proof is based on the theory of ‘dual cohomology operations’ (see [16]). 
We recall the idea. 
Assume there is a S-duality map g E {Sp, B A A} for finite CW-complexes A and 
B. Let d,: HP-‘(B) + Hi(A) be the induced isomorphism. It is defined by d,(a) = 
g.JY]/a, where [SP] is a fixed generator for H,,(S’) and ‘/’ stands for the 
cohomology slant product. Look at [19] for the definitions concerning S-duality. 
The dual of a vector space V is denoted by V’. We identify always I?j(A) with 
H;(A)‘. For a PC0 (Y = dq define 
cy.,+ : l?,(A) -f Z?_,(A) 
by the diagram 
HP-‘(B) & fiP-'+4( B) 
d 
s 
4” 4, 
H,(A) oI*__, I-Ti_,(A) 
Note that (Y* is independent of 
For the dual operation 
a!+: fii-q(A) + I-7’(A) 
the special duality map g because of its stability. 
we have the well-known result (see [16]) 
(1) a:, =x((Y). 
Now let r be a relation in d of degree q + 1 with a representation (a, /3). Then define 
oi(P*,A):={aEHi(A)IP1*((Y)=“‘=Pk*(a)=O} 
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The application of d, yields 
d,(D’-‘(p, B)) = Di(p*, A) and dg(Zp-i+4(~, B)) = lipq(ct*, A). 
Thus there is a secondary homology operation @.+(a, /3) defined by 
p-i(p, B) @(a,@) , iF+q( B)/ Ip-‘+q( a, B) 
Di(P*, A) B @*(a’p) fi,_,(A)/l,_,(a,, A) 
Again @*(a, /3) does not depend on the duality map g. Now we want to describe 
the dual homomorphism @;(a, p). By means of linear algebra and by (1) you see 
that 
Di(P*, A)‘= H’(A)II’(xP, A) 
and (Hi~,(A)/Ii_,(a,, A))‘= Dip4(~a, A). 
Consequently, you may look at the dual of @*(a, p) as being a homomorphism 
@!+(cy, p): Di-4(p, A) + I?‘(A)/I’(#, A). 
The main result in [16] can now be stated as: 
(2) There is a PC0 SE tiq, such that 
@:(a, P)(z) = @(xP, x(y)(z) + S(z) 
mod 1’(#3, A) for all z E Dip4(xcx, A). 
Now we come back to the situation in Theorem 5.4. It is well known that TV and 
X+ (that is Xu{+}, where + becomes the basepoint) are S-dual [20]. Moreover, 
a duality map g is realized by the composition 
S ntm 4 TV 3 TV A Mv+ & Tv/\X+, 
where f is the collapsing map for v (see [2]), d is induced by the diagonal 
(Mv, Ev) + (Mv X Mv, Ev X Mv) (Mv = mapping cylinder of v, Ev = total space of 
v) and 5 is the canonical retraction. 
This duality map g has the property: 
(3) If x E H*(X+) = H*(X) and y E A*( TV) satisfying lx]+ ly] = n + m, then 
(Y A x, g*w+“I) = (x u Y,f*w+“1). 
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Now choose an admissible representation for the relation r in question. Since X 
possesses the Property (W), we know that 
s(r)(X) u u = @(a, P)( L-J). 
The relevant duality diagram now looks like 
tl”( 7-v) x Hm+q( 7-v) 
I d, I d z 
H,(X) @*(asp), H,_ (X) 
Notice that no indeterminancies appear (Lemma 5.2) and that 
@‘;(a, P) = @(xP, xo) : H”-‘(X) + H”(X) (by (2)). 
Now we can evaluate Q(x,B, X(Y)(Z) for all z E Hnpq(X) on the fundamental class 
of X, denoted by [X] E H,,(X): 
(@(xP, xo)(z), [Xl>= (z, @*(a, P)[W> 
= (5 @*(a, P)(W)) 
= (z, d,@( a, /3)( U)) (definition of @*(a!, p)) 
= (6 dJs(r)(X) u u)) 
=(z, g.+.[S”+“]/(e(r)(X)u U)) (definition of Lig) 
= ((s(r)(X) u LJ) A 5 g*w+“1) 
= (zu &(r)(X) u W,W+“1) (by (3)) 
=(zu s(r)(X), Unf*[S”+“]) 
= (z u e(r)(X), [Xl) (defining property off). 
This completes the proof. q 
We lay stress on the meaning of Theorem 5.4: The exotic class s(r)(X) is purely 
computable from the topology of X and there is no need of knowing the normal 
fibration of X. On the other hand, $(r)(X) becomes zero, if X has the structure of 
a differentiable manifold, as the exotic class s(r)(X) vanishes for a sphere bundle. 
Finally, we want to illustrate the meaning of the antiautomorphism x. 
Proposition 5.5. Beside the suppositions of Theorem 5.4 assume further that ti acts 
trivially on HnPq(X). Then @(a, p)(z) is defined for all z E Hnmq(X) with total 
zero-indeterminancy and 
@(a, P)(z) = $(r)(X) u 5 
independent of the chosen admissible representation (a, /I). Especially, @(a, p) = 
@(x$3, xa) : H”-4(X) + H”(X). 
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Proof. From Theorem 5.4 we know that $(r)(X) = s(r)(X). Since X possesses the 
Property (W), we see that 
@(a, P)( f.J) = s(r)(X) u u. 
The additional assumption, that ti should act trivially on Hnpq(X), allows us to 
apply the Cartan-formula for @(a, /3) (see [8, 3.11) 
@(a, P)(z u fJ) = @(a, P)(z) u u-t z u @(a, P)(U) 
Now consider the collapsing map f: Sntm + TV. 
We know, that f* is an isomorphism in the top dimension. Thus the naturality 
of @(a,p) gives @(a,p)(zu U)=O. 
Therefore @(a, /3)(z) u .!J = z u @(a, p)(U) and consequently, 
@(LY,~)(Z)=E(I)(X)uz=~(r)(X)uZ. 0 
We close with a look at the relations r(a, b) for 1 < b G a < 26. 
Proposition 5.6. Same hypothesis as Proposition 5.5; then 
+(r(a, b))(X) = da, b)(X) = 0 
unless (a, b) = (2’, 2’) for i 2 1. 
Proof. Following Proposition 4.4, there are integers i, > . . . > i, and PCO’s y,, . . . , y, 
such that 
&(a, b)(X) = Y~G,(X)+. + * + m,(X). 
Wemayassumethaty ,,..., y,~~uunlessa,b)=(2’,2’).Ifz~H~-q(X),q=a+b-l, 
then 
ZUE(~, b)(X)=zuy,Ei,(X)+* * *+zuY,E;,(X) 
=xh)(z)u e*(X)+. . . +x(x) u q(X) (Lemma 5.1 (i)), 
=o, 
for & was assumed to act trivially on Hneq(X). 0 
References 
[l] J.F. Adams, On the non-existence of elements of Hopf invariant one, Ann. Math. 72 (1960) 20-104. 
[2] W. Browder, Poincari spaces, their normal fibrations and surgery, Invent. Math. 17 (1972) 191-202. 
[3] W. Browder, A. Liulevicius and F.P. Peterson, Cobordism theories, Ann. Math. 84 (1966) 91-101. 
[4] E.H. Brown and F.P. Peterson, Relations among characteristic classes-I, Topology 3 (1) (1964) 39-52. 
[5] E. Dyer and R.K. Lashof, Homology of iterated loop spaces, Amer. J. Math. 84 (1962) 35-88. 
-61 S. Gitler, J.D. Stasheff, The first exotic class of BF, Topology 4 (1965) 257-266. 
71 F. Hegenbarth and A. Heil, Exotic characteristic classes and their relation to universal surgery 
classes, Math. 2. 184 (1984) 211-221. 
286 A. Heil/ Exotic characteristic classes 
[8] A. Heil, Exotische charakteristische Klassen spharischer Faserungen, Thesis, Ruhr-Universitlt 
Bochum, 1984. 
[9] I. Madsen, On the action of the Dyer-Lashof algebra in H,(G), Pacific J. Math. 69 (1975) 235-275. 
[lo] J.C. McClendon, Higher order twisted cohomology operations, Invent. Math. 7 (1969) 183-214. 
[ll] R. J. Milgram, The mod 2 spherical characteristic classes, Ann. Math. 92 (1970) 238-261. 
[12] J.W. Milnor and J.C. Moore, On the structure of Hopf algebras, Ann. Math. 81 (1965) 211-264. 
[13] J.W. Milnor and J.D. Stasheff, Characteristic Classes, Ann. Math. Studies 76 (Princeton University 
Press, Princeton, NJ, 1974). 
[14] G. Nishida, Cohomology operations in iterated loop spaces, Proc. J. Acad. 44 (1968) 104-109. 
[ 151 F.P. Peterson, Twisted cohomology operations and exotic characteristic classes, Adv. Math. 4 (1970) 
8 l-90. 
[16] F.P. Peterson and N. Stein, The dual of a secondary cohomology operation, Illinois J. Math. 4 
(1960) 397-404. 
[17] D.C. Ravenel, A definition of exotic characteristic classes of spherical fibrations, Comment. Math. 
Helv. 47 (1972) 421-436. 
[18] L. Smith, Homological algebra and the Eilenberg-Moore spectral sequence, Trans. Amer. Math. 
Sot. 129 (1967) 58-93. 
[19] E.H. Spanier, Function spaces and duality, Ann. Math. 70 (1959) 338-378. 
[20] M. Spivak, Spaces satisfying Poincari duality, Topology 6 (1967) 77-101. 
[21] N.E. Steenrod, and D.B.A. Epstein, Cohomology Operations, Ann. Math. Studies 50 (Princeton 
University Press, Princeton, NJ, 1974). 
[22] R. Stocker and C. Wissemann-Hartmann, Realizing characteristic classes by manifolds, Topology 
Appl., to appear. 
[23] E. Thomas, Postnikov invariants and higher order cohomology operations, Ann. Math. 84 (1967) 
184-217. 
[24] E. Thomas, Whitney-Cartan product formulae, Math. Z. 118 (1970) 115-138. 
